We study the shadow cast by a large gravitating sphere. For this, we consider the gravitational field produced by a static mass monopole within the first post-Newtonian approximation of the general theory of relativity. We consider propagation of a monochromatic electromagnetic (EM) wave in the vicinity of the sphere and develop a wave-optical treatment of its shadow. Based on this treatment, we demonstrate that the shadow has a rotational hyperboloid boundary determined by the physical size of the body and its Schwarzschild radius. We show that there is no light within that boundary. However, the shadow boundaries are bent inward by the diffractive effects of spacetime curvature. We provide a wave-optical treatment of this phenomenon.
II. ELECTROMAGNETIC WAVES IN A STATIC GRAVITATIONAL FIELD
To describe the optical properties of the SGL in the post-Newtonian approximation, we use a static, harmonic metric that describes the gravitational field produced by a mass monopole. In spherical coordinates (r, θ, φ) such a metric is given by the following line element [6, 8] :
shadow region of interference region of geometric optics focal line FIG. 1: Three different regions of space associated with a monopole gravitational lens: the shadow, the region of geometric optics, and the region of interference (from [2] ).
where, to the accuracy sufficient to describe light propagation in the solar system, the quantity u has the form
with r g = 2GM/c 2 being the Schwarzschild radius of a gravitating body of mass M .
A. Solution of Maxwell's equations via Debye potentials
Following [2] we present Maxwell equations in the form
where the differential operators curl and div are with respect to the 3-dimensional Euclidean flat metric. As shown in [2] , in the vacuum, the solutions for the electric and magnetic potentials, ), (5) where F ℓ (kr g , kr) is the Coulomb function and σ ℓ is the corresponding phase shift [9] [10] [11] [12] [13] . Before we derive the EM field behind the gravitational lens, we need to impose the boundary conditions that correspond to the physical size of the opaque massive sphere, representing the Sun. The fully absorbing conditions that we used in [2, 5] are well-suited for this purpose. To impose such boundary conditions, we rely on the relationship between the Coulomb and Hankel functions, F ℓ and H 
Expression (6) allows us to set the boundary condition on the surface of a fully absorbing sphere (see discussion in [2, 5] ). First, we note that given their asymptotic behavior, H waves. Next, we recognize that the smallest possible impact parameter is in the case of light rays that are grazing the solar surface, which corresponds to heliocentric distance of R * ⊙ = R ⊙ + 2r g . The contribution in addition to the solar radius accounts for the fact that rays of light are bent by the gravitational field of the mass monopole even as they approach the source. Therefore, we require that for impact parameters b ≤ R waves with partial momenta ℓ ≤ ℓ max = kR * ⊙ . This fully absorbing boundary condition is easy to implement using the solution (6) and subtracting the corresponding part of the outgoing wave, which is blocked by the sphere.
As a result, the solution for the entire Debye potential behind the sphere (i.e, for |θ| ≤ π 2 ), in the presence of gravity and taking into account the physical properties of the Sun, takes the following form [2] :
where Π g 0 (r, θ) is the Debye potential of the incident wave (5). In Ref. [2] we obtained an exact solution for the Debye potential, Π g 0 (r, θ) from (5), which has the form
and gives us the Debye potential of the incident wave in terms of the Coulomb wave function ψ, i.e., essentially in terms of the confluent hypergeometric function, , 20] . This solution is always finite and is valid for any angle θ. The availability of this exact, closed form solution allows us to investigate the structure of the caustic formed by the lens. The analytical solution for the Debye potential (8) was used in [2] to derive the EM field in the interference region of the SGL, including the EM field on the image plane and the corresponding Poynting vector. The second term in (7), δΠ g (r, θ) is the Debye potential responsible for the "solar shadow", given from (7) as
The fully absorbing boundary is, thus, the asymptotic boundary condition which is set on the future light cone and deals with the fact that the physical boundary of the Sun is much larger than its Schwarzschild radius, R ⊙ ≫ r g . We have thus obtained the Debye potential representing the total solution for the problem of diffraction of EM waves by a large spherical star. With the solution for the Debye potential given in (7), we can obtain the components of the EM field by constructing the following quantities (see details in [2] ):
and insert them into
Expressions (7)- (13) represent the solution for the EM field in the background of a spherically symmetric, static gravitational field produced by a large star with opaque surface. This solution allows us to study the physical behavior of the EM field in the three regions behind this star (see Fig. 1 ), namely (i) the shadow region, where no incident light enters (i.e., for impact parameters b ≤ R * ⊙ ), (ii) the region of geometric optics, where only one ray passes through any given point (i.e., for impact parameters b > R * ⊙ and heliocentric distances r < R 2 ⊙ /2r g ), and (iii) the interference region (i.e., r ≥ R 2 ⊙ /2r g , especially for θ ≈ 0). The interference region at the focal area of the SGL formed by the solar gravity beyond 547.8 AU behind the Sun is of most importance. The EM field in region is fully characterized by the Debye potential (8) which was investigated in [2] . Here we focus our attention on the two remaining regions: the shadow region and the region of geometric optics, where the shadow potential (9) plays an important role.
B. Debye potentials in the shadow and the region of geometric optics Equation (7) captures all aspects of the EM field behind the large gravitating sphere. It is valid at all distances and angles. However, because of its complexity, numerical methods are required to explore its physical implications. In this paper, we explore the field far from the sphere [17] . To move forward, we rely on the asymptotic behavior of the Hankel functions H (±) ℓ (kr g , kr) in (6) , for large values of the argument kr ≫ ℓ, where ℓ is the order of the Coulomb function. For kr → ∞ and r ≫ r t = −r g + r 2 g + ℓ(ℓ + 1)/k 2 these functions behave as [2] lim kr→∞
The function H (+) ℓ (kr g , kr) represents the outgoing wave, while
is the incident wave. This observation represents the fact that the Debye potential of the wave may be thought of as a superposition of two waves: incident and outgoing, i.e., having either a plus or minus sign in (14), respectively.
To study the contribution of the shadow potential in (9), it is convenient to rely on the asymptotic behavior of the Hankel functions (14) and present this potential in its asymptotic form as
As a result, the solution for the Debye potential (7), Π(r, θ) = Π g 0 (r, θ) + δΠ g (r, θ), takes the following form:
ik(r+rg ln 2kr)
The behavior of rΠ g 0 (r, θ) given by (8) is well understood [2] . It is finite and computable for any relevant distances and angles, including forward scattering at θ = 0. We used this potential in [2] to investigate the EM field in the image plane situated in the interference region of the SGL beyond 547.8 AU (see Fig. 4 in [2] ). In that region and near the optical axis θ ≈ 0, the EM field is completely given by (5), which we used to derive the field in the image plane and study the optical properties of the SGL. The shadow potential rδΠ g (r, θ) in (7) is important for the other two regions, namely in the region of the geometric shadow behind of the Sun, where no EM field exist, and also in the region of geometric optics, where only one ray from a specific point source passes through any given point.
To evaluate rδΠ g (r, θ), we use the asymptotic representation for P
l (cos θ) from [18] :
which results in
At this point, we may replace the sum in (18) with an integral:
We evaluate this integral using the method of stationary phase. Expression (19) shows that the ℓ-dependent part of the phase has the following structure:
which has the following from:
Therefore, the points of stationary phase, where dϕ ± /dℓ = 0, are given by the following equation:
then for small angles θ (or, large distances from the sphere, R ⊙ /r < b/r ≪ 1), from Eq. (21) we see that the points of stationary phase that must satisfy the equation are (see [2] for details):
As the largest impact parameter in (16) or (19) is b max = R ⊙ + 2r g , (24) is bounded by the two most extreme hyperbolae describing the boundary that coincides with two rays that are just grazing the Sun on opposite sides in the forward direction, 0 ≤ θ ≤ π 2 and, thus, setting the hyperboloid shape of the boundary of the shadow (see [2] ). The presence of the last term in (24) defines the properties of the shadow region behind the Sun. This term is absent in flat spacetime [5] , where the boundary is set by the straight lines b = r sin θ. The curvature of spacetime produced by solar gravity is responsible for the r g -term in (24) ,which defines the hyperboloid shape of the boundary of the shadow produced by a monopole gravitational lens.
It is convenient to rewrite (22) as
With (23) and for large distances from the sphere, R ⊙ /r < b/r ≪ 1, Eq. (25) results in the following equation for b:
which yields two families of solutions:
1,2 = ± r g tan 
Using the trigonometric identity
it is convenient to present (27) in the following form
The '±' or '∓' signs in (27) (and (29)) represent the families of rays propagating on opposite sides from the Sun. Also, two families of solutions represent two different waves. Thus, the family b 1,2 describes the scattered wave, with rays that extend those of the incident wave beyond the point of their intersection with the focal line. Note that the interference region is not covered by the approximation (17) . (The description of the interference region was given in [2] .) While the first of the two families of rays establish structure of the geometric optics region, the second one is important only for the scattering problem, as discussed in [2] . These results help us to develop the solution for (19) .
To determine the properties of the EM field behind the Sun, we continue evaluation of the integral in (19) using the method of stationary phase. We recall that this method allows evaluating integrals of the following type:
where the amplitude A(ℓ) is a slow-varying function of ℓ, while ϕ(ℓ) is a fast-varying function of ℓ. Then, for the points of stationary phase, ℓ = ℓ 0 , for which dϕ/dℓ = 0, the integral (30) to good approximation may be replaced with the sum:
where
To apply this method, we start by discussing the first family of solutions in (29), given by b
1,2 or, equivalently
1,2 , which allows us to compute
Computing the second derivative of the phase (20) , ϕ(ℓ), with respect to ℓ, we have
Using the expression for b
1,2 from (29), for large distances, r ≫ r g , expression (33) becomes
Also, using b
1,2 from (29), we have
As a result, collecting (34) and (35), we have
Therefore, for each of the two areas with respect to the z-axis-above it given by "+"-sign and below it, given by "−"-sign-the expression for rδΠ
± , from (19) up to the terms of the order of ∝ θ 2 , takes the form 
As a result, using the relation z = r cos θ, for the Debye potential rδΠ
we have:
Now we consider the second family of solutions in (29), given by b
1,2 , which allows us to compute the stationary phase as
Using this result, from (19) we compute the phase of the ultimate solution (by combining the relativistic phase and the ℓ-dependent contribution):
Now, using (33) and b
1,2 from (29), we compute the second derivative of the phase with respect to ℓ:
At this point, we will use b
1,2 from (29), to compute A(ℓ 0 ) for the second family of solutions:
Collecting (41) and (42), we have
Similarly to (37), we obtain the expression for the rδΠ
Introducing the constant σ 0 = arg Γ(1 − ikr g ), which for large values of kr g → ∞ is given as [2] 
we may present (44) in the following form:
The results (38) and (46) are the Debye potentials representing the two families of the impact parameters given by (27). We use these solutions below to determine the EM field in the shadow and in the geometric optics region.
C. EM field in the shadow and geometric optics regions
Using results (38) and (46) in (16), we may present the Debye potential for the two regions behind the Sun, namely the shadow and the region of geometric optics. In the shadow, no incident or scattered waves exist, thus the Debye potential Π
Similarly, we obtain the Debye potential for the region of geometric optics, Π g go , where no scattered wave exist, and for any given point source, only one ray is passing through any given point:
Using the asymptotic behavior of the hypergeometric functions 1 F 1 [1+ikr g , 2, ikr(1−cos θ)] and 1 F 1 [1+ikr g , 2, 2ikr] at large values of argument k(r − z) ≫ 1, we compute the asymptotic behavior of the Debye potential Π from (8) as
or, using (45) and expressing z = r cos θ, we have: [5] ). Right: the shadow of a hyperbolic shape (no rays of light exist in this region), caustic formed at the interference region (where at least two rays passing through a given point) consult [2] for details), and the region of geometric optics (where only one ray passes through any given point) in the case of a large gravitating sphere.
The arrow indicate the direction of the Poynting vector, i.e., direction of the wavefront propagation.
It can be shown by direct computation that the second term enclosed in the round brackets in (8) can be neglected. This term results in the two terms that are being multiplied by a factor of 1 2 (1 − cos θ) in (49) or (50). The EM field and the Poynting vector due to it are orders of magnitude (factor of (kr g ) −1/2 ) smaller than those originating from the first term. The second term is important only near the axis θ = π where it serves to avoid a singularity. Now, using expression (50), we present the Debye potential in the shadow (47), as
We just need to compute the EM field that results from (51). By using (10)- (12), we compute: Therefore, compared to the expressions (55) that characterize the incident wave, the EM field in the shadow, (52)-(54), is a factor of 1/(kr) smaller and, thus, it may be neglected. Thus, there is no light in the shadow, as was observed in [20] . This result extends a similar conclusion obtained in the case of a flat spacetime of [5] to the case of the curved spacetime formed by the solar gravitational monopole.
Similarly, looking at the geometric optics region, from (48), together with asymptotic form of the Debye potential of the incident wave, Π g 0 (r, θ) given by (50) and the result describing the absence of the light in the shadow region (51)-(54), we have the following expression for the Debye potential in the region of geometric optics:
with the components of the EM field given by (13) with α, β and γ from (55). Therefore, the entire EM field is given by the incident wave (which, as shown by computing from the Debye potential (56), is logarithmically modified at large distances by the long-range gravitational potential (2)), as expected. This incident EM field given by (55). Result (56) is different from that given in [5] simply because, in the case of gravitational bending of the light, the individual photon trajectories are bent towards the gravitating body, causing the light rays to enter the region of the geometric shadow that is prohibited in the case of a flat space-time studied in [5] (see Fig. 2 ).
III. DISCUSSION AND CONCLUSIONS
We investigated the EM field in the shadow cast by a large gravitating sphere and developed a wave-optical treatment of this problem. The results obtained here are relevant to our ongoing work on the imaging with the SGL [2] [3] [4] . These results are also relevant to some other practical applications, such as Rutherford scattering microscopy [21] [22] [23] where one encounters similar potentials in addressing the scattering of focused beams in a refractive medium. Thus, description of the shadow in the case of a repulsive Coulomb potential (i.e., the field produced by a relativistic gravitational monopole (2)) presented here has an immediate practical value in describing the beam diffraction pattern. However, our primary motivation here is, of course, the solar gravitational lens that may be used for high-resolution imaging and spectroscopy of an exoplanet. In this regard, the next step is to investigate the effect of the solar plasma (using, for instance, approach developed in [24] to treat the contribution of the static part of the solar plasma treated as a spherically symmetric nonmagnetic free electron plasma with a generic power law distribution) and the contribution of the solar non-sphericity on the caustic formed by the extended gravitational lens. These topics are currently being investigated; results, once available, will be reported elsewhere.
